The relation between the branching ratios and direct CP asymmetries of B → Kπ decays and the angle γ of the CKM unitarity triangle is studied numerically in the general framework of the SU(3) approach, with minimal assumptions about the parameters not fixed by flavour-symmetry arguments. Experimental and theoretical uncertainties are subjected to a statistical treatment according to the Bayesian method. In this context, the experimental limits recently obtained by CLEO, BaBar and Belle for the direct CP asymmetries are translated into the bound |γ − 90 • | > 21 • at the 95% C.L.. A detailed analysis is carried out to evaluate the conditions under which measurements of the CP averaged branching ratios may place a significant constraint on γ. Predictions for the ratios of charged (R c ) and neutral (R n ) B → Kπ decays are also presented.
Introduction
The charmless two-body decays of B mesons play a central role in the prospect of probing the Standard Model (SM) picture of CP violation. The well-known B-factory benchmark mode B 0 → π + π − should enable a quite precise measurement of the CKM angle α, provided the unknown penguin contribution to the amplitudes determining the observable mixing-induced CP asymmetry can be controlled with sufficient accuracy through additional measurements of the three isospin-related B → ππ branching ratios [1] (including the very challenging B 0 → π 0 π 0 mode). The SU(3) flavour-symmetry relation between B 0 → π + π − and B 0 → K 0 K 0 offers an alternative way of reducing penguin uncertainties in the extraction of α [2] . Furthermore, a time dependent analysis combining B 0 → π + π − with its 'U-spin' counterpart (d ↔ s) B s → K + K − can determine the other two CKM angles β and γ simultaneously [3] (there is moreover a variant of this method, replacing B s → K + K − with B 0 → K ± π ∓ [4] ). Further information on γ and/or β can be obtained from the direct and mixing-induced asymmetries in B 0 → K 0 S π 0 [5, 12, 14] .
Much interest has been excited by the possibility of constraining the CKM phase γ using only CP averaged measurements of B → Kπ and B → ππ decays [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18] . The first branching ratio measurements by CLEO [19] , now confirmed by consistent evaluations by Belle [20] and BaBar [21] (see Table 1 ), were often interpreted, in different theoretical approaches, as an indication that the angle γ may lie in the second quadrant [15] , in conflict with the expectation γ ≃ 60 • derived from global analyses of the unitarity triangle (UT) [22] . Recently, the first results of the experimental search for CP violation in these decays have Table 1 : Measurements of the B → Kπ branching ratios (B) and direct CP asymmetries (a CP ). The averages have been computed combining statistical and systematic errors in quadrature and taking into account asymmetric errors; correlations between the systematical errors have been neglected. The list includes the measurement of the π ± π 0 branching ratio, used as an ingredient of the SU(3) analysis. B × 10 −6 CLEO [19] Belle [20] BaBar [21] Average K 0 π ± 18.2 +4.6 −4.0 ± 1.6 13.7 +5.7 appeared, in the form of upper limits for the direct CP asymmetries ( Table 1) ; measurements of these observables will place a straightforward constraint on the value of the CP violating phase γ.
In this paper, the implications of the available experimental results on B → Kπ decays are studied in the framework of the flavour-SU(3) approach [6, 7, 8, 9, 10, 11, 12, 13, 14] , where the amount of theoretical input about QCD dynamics is minimized through the use of flavour symmetry relations involving additional measured quantities. In particular, the present analysis will focus on the theoretically clean strategy employing the ratios of charged and neutral B decay rates defined as [12] 
(the experimental averages 1 obtained from the last column of Table 1 are indicated), as well as the direct CP asymmetries (a CP ) of the four decay modes, here considered with the following sign convention:
The
was also shown to provide a potentially effective bound on γ [8] . However, the uncertainty as to whether the contribution of the colour suppressed electroweak penguin amplitude is negligible and a greater sensitivity to rescattering effects (see Refs. [10, 12] ) make this 'mixed' strategy less model independent. Recently, different approaches have been developed to evaluate the B → Kπ decay amplitudes through a deeper insight into the details of QCD dynamics [16, 17] . Although these methods may in principle enable improved bounds to be placed on γ, they currently rely on theoretical assumptions which are still a matter of debate [18, 23] . Limitations to the theoretical accuracy of the SU(3) method adopted in the present analysis for deriving bounds on γ from R c , R n and from the direct CP asymmetries would only be represented by large non-factorizable SU(3)-breaking effects altering the relative weight of tree and electroweak penguin amplitudes with respect to the dominant QCD penguin contribution. Parameters not fixed by flavour symmetry arguments, such as the strong phase differences between tree and QCD penguin amplitudes and quantities expressing the unknown contribution of certain rescattering effects, will be treated as free variables of the numerical analysis.
The aim of the analysis reported in this paper is to estimate whether (or under what conditions) the comparison between measured B → Kπ rates and asymmetries and the corresponding flavour-SU(3) expectations may serve as a test of the SM. Constraints on γ and on the strong phases are analysed in the framework of Bayesian statistics, where a definite statistical meaning is assigned both to the experimental data and to the theoretical ranges which constitute the a priori knowledge of the input parameters. Consequently, the resulting predictions are the expression of all the experimental and theoretical information assumed as input to the analysis, differently from previous studies which only considered a number of illustrative cases corresponding to fixed values of theoretical and experimental parameters.
The implications of the available measurements and the foreseeable impact of precise data on the determination of γ and of the strong phases are studied in Sec. 2. Predictions for R c and R n derived by fixing γ to the SM expectation are reported in Sec. 3, where the sensitivity of the values obtained to the main experimental and theoretical inputs is evaluated.
2 Constraints on γ from B → Kπ
Parametrization of the B → Kπ decay amplitudes
Two alternative parametrizations of the B → Kπ decay amplitudes can be found in the literature [12, 13] . The following analysis assumes the notation used in Ref. [12] :
−A(B 0 → K + π − ) =P n 1 + ρ n e iθn e iγ + − r n e iδn (e iγ − qe iω ) 1 + 2ρ n cos θ n cos γ + ρ 2 n ,
where -P c ,P n are CP invariant factors containing the dominant QCD penguin contributions; they cancel out in the expressions of the ratios R c , R n and of the CP asymmetries.
-the terms ρ c e iθc e iγ and ρ n e iθn e iγ (θ c and θ n are strong phases) determine the magnitude of the direct CP violation in the decays B + → K 0 π + and B 0 → K 0 π 0 respectively; they are generally expected to be quite small [ρ (c,n) = O(10 −2 )], but their importance may be enhanced by final state interactions [10] . Calculations performed in the framework of the 'QCD factorization' approach [16] point to no significant modification due to final state interactions. The present experimental average a CP (K 0 π + ) = −0.04 ± 0.13 (Table 1) is also not in favour of the presence of large rescattering effects. An upper bound on ρ c can be deduced from the experimental limit on the ratio B(B ± → K 0 K ± )/B(B ± → K 0 π ± ) [9, 24] by exploiting the U-spin relation
where the factor R SU(3) represents the correction for SU(3) symmetry breaking, which is of the order of 0.7 at the factorizable level [9] , andλ ≡ λ/(1 − λ 2 /2). The most stringent limit available for the K 0 K + branching ratio,
at the 90% C.L., has been achieved by the BaBar Collaboration [21] . They also report a fitted value of (−1.3 +1.4 −1.0 ± 0.7) × 10 −6 ; using this value together with the world average for B(B + → K 0 π + ) given in Table 1 , a fit of Eq. (8), with R SU(3) = 0.7, λ = 0.2224 ± 0.0020 [22] and flat prior distributions assumed for γ and θ c over [−180 • , 180 • ], gives the result ρ c < 0.09 at the 95% C.L..
Both ρ c and ρ n will be hereafter assumed to be included in the range [0, 0.2], while the strong phases θ c and θ n will be treated as free parameters. To estimate the importance of the resulting uncertainty, examples assuming ρ (c,n) = 0 will also be considered.
r (c,n) e iδ (c,n) and qe iω (δ (c,n) and ω are strong phase differences) represent, in a simplified description, ratios of tree-to-QCD-penguin and of electroweak-penguin-to-tree amplitudes, respectively. In the limit of SU(3) invariance they are estimated as [6, 7, 11, 12] qe iω = 0.65 ± 0.15 (13) and of the angle γ. The square brackets indicate that flat 'prior' distributions within the given range are assumed in the following numerical analysis; the remaining parameters are treated as Gaussian variables. Constraints on γ and on the unknown CP conserving phases are obtained by fitting the resulting expressions to the measured branching ratios and CP asymmetries. 2 The method used in the present analysis, based on the Bayesian inference model, is the same described and discussed in Refs. [22, 23] in connection with its application to the CKM fits.
Constraints from branching ratio measurements
The constraints determined by the current measurements of R c and R n on γ and on the strong phases δ c and δ n are represented in Fig. 1 . The shaded areas plotted in the |δ c |, γ and |δ n |, γ planes 3 are regions of 95% probability, where darker shades indicate higher values of the p.d.f. for the two variables. As can be seen, the current data are not precise enough to place a bound on γ independently of the value of the strong phases (or vice versa). For comparison, the SM expectation for γ resulting from global fits of UT constraints [22] is included between 40 • and 80 • , with slight differences in the exact range depending on the choice of inputs and on the statistical method used. For the purposes of the present analysis, the determination
will be assumed. the excluded ranges increase with decreasing value of R (c,n) . In an almost symmetrical way, if R (c,n) assumes a value greater than 1.2, it is possible to put a lower bound on γ 2 In view of the correlation of r c and r n between them and with the values of B(K 0 π ± ) and B(K 0 π 0 ) [Eqs. (10, 11) ], the actual fit procedure makes use of the four branching ratio measurements instead of the ratios R c and R n . This choice also avoids the problem of dealing with the non-Gaussian distribution of the measured R c and R n [Eqs. (1, 2) ]. 3 The constraints are symmetrical with respect to both γ = 0 and δ (c,n) = 0. The angle γ is anyway assumed to belong to the first two quadrants, as implied by the positive sign of the K 0 − K 0 mixing parameter B K . 4 An improvement of the present precision by about one order of magnitude would fulfil such condition. • By fixing the strong phases (they can actually be calculated using different theoretical techniques [5, 17, 16] ), it becomes possible to determine γ even in the least favourable case of measurements of R c and R n with values near 1. To illustrate with an example, a sensitivity of ∆γ ∼ 10 • can be reached, in that peculiar case, by constraining the strong phases δ c and δ n into the (hypothetical) range [−30 • , 30 • ].
• One interesting prospect is connected with the determination of the strong phases. It was pointed out [14] that the first measurements of R c and R n by CLEO favoured values of δ c and δ n which were markedly different from each other, in conflict with the approximate expectation δ c ≃ δ n . As can be seen in Fig. 1 , no discrepancy between the values of δ c and δ n is implied by the present data. However, improved measurements will have the potential to establish such a contradiction: for example, measurements of R c and R n confirming the present central values, respectively greater than 1.2 and smaller than 0.8, at a sufficient level of precision (see Fig. 2 ) would point definitely to |δ c | < 90 • and |δ n | > 90 • .
In the above examples, the unknown contribution of final state interactions to the K 0 π + and K 0 π 0 decay amplitudes has been parametrized by allowing ρ c and ρ n to be as large as 0.2. A comparison between the most favourable scenario assuming ρ c = ρ c = 0 and the one in which ρ c and ρ c are fixed to 0.2 is shown in Fig. 3 for the two representative cases R (c,n) = 1.0 and R (c,n) = 1.2. As can be seen, the shape of the constraints remains almost the same in the two cases. Apparently, no crucial improvement in the determination of γ at a fixed value of δ (c,n) could be obtained by further reducing the uncertainties related to the magnitude of the rescattering effects. The constraints provided in the δ (c,n) , γ plane by the first experimental results on the direct CP asymmetries are shown in Fig. 4 . Here a CP (K + π 0 ) and a CP (K 0 π + ), both depending on the same subset of parameters (the one including ρ c e iθc ), are represented as a single constraint. The present data, still consistent with zero CP violation, determine an upper bound on γ in the first quadrant and a lower bound in the second quadrant, almost symmetrically with respect to γ = 90 • . The limit |γ − 90 • | > 21 • at the 95% C.L.
Constraints from CP asymmetries E CÅÅ ;DEG=

HÅÅ;DEG=
can be derived from a fit of both constraints, with the strong phases δ c and δ n assumed as uniformly distributed over [−180 • , 180 • ].
Taking the decay B 0 → K + π − as an example, Fig. 5 shows the constraint determined by a precise measurement of a CP (K + π − ) = −0.20 (examples with different central values are qualitatively very similar). As can be seen, a precise enough CP violation measurement would Å#, E N ÅÅ;DEG=
A #0 + Q Figure 5 : Example of constraint on the δ (c,n) , γ plane as determined by a precise measurement of the direct CP asymmetry a CP (K + π − ). Figure 6 : Ranges allowed for |γ − 90 • | at the 68% and 95% C.L. as a function of the measured value of a CP (K + π − ). exclude a large portion of the δ n , γ plane, being especially effective as a constraint on the strong phase; while the positive sign of δ n is selected in the case considered, the measurement of opposite sign, a CP (K + π − ) = +0.20, represented by the same plot after reflection with respect to the δ n = 0 axis, would point to δ n < 0.
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As regards the determination of γ, the main implication of a measurement of CP violation with large enough central value would be the possibility of excluding two (almost symmetrical) regions around γ = 0 and γ = 180 • . Fig. 6 shows the intervals allowed for |γ − 90 • | at the 68% and 95% C.L., plotted as a function of the measured value of the CP asymmetry a CP (K + π − ); only the absolute value of the asymmetry is considered here, in view of the fact that the constraint on γ is not sensitive to the sign of the asymmetry when the strong phase is assumed as completely indeterminate.
Measurements of the CP asymmetry in B + → K + π 0 determine almost the same constraints on γ as those plotted in Fig. 6 for B 0 → K + π − , inasmuch as the only difference in the assumed ranges for the input parameters is the one between r c and r n [see Eqs. (5, 7, 13) ]. The CP asymmetries in the decays B + → K 0 π + and B 0 → K 0 π 0 , whose amplitudes depend on γ only through the 'corrective' terms ρ c e i(θc+γ) and ρ n e i(θn+γ) respectively [Eqs. (4, 6) ], have a minor role as constraints on γ, but may provide a confirmation of the smallness of the rescattering effects by placing upper limits on ρ c and ρ n . 
Constraints on theρ,η plane
Measurements of R c and R n and of the CP asymmetries can be included in a combined analysis of constraints on the vertex of the UT. Instead of using the experimental determination of |V ub /V cb | to fix the value of the electroweak penguin parameter qe iω [Eq. (12) ], one can rewrite Eq. (12) as qe iω = 0.057
[besides, γ = arctan(η/ρ)] and fit the available experimental information using the variablesρ andη. The constraints determined by the present measurements in theρ,η plane are plotted in Fig. 8 . The allowed region is compatible with the results of global fits of UT constraints [22] , although smaller values of the CP violation parameterη are favoured by the B → Kπ data. Figure 9 illustrates the possible effect of precise measurements of R c and R n .
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S I H #+-FIT Figure 8 : Constraints on the vertexρ,η of the UT (95% probability regions) determined by the combination of the current experimental limits on the ratios of branching ratios and on the direct CP asymmetries. A typical UT configuration favoured by the current |V ub /V cb |, ∆m B d and |ǫ K | constraints (see Ref. [22] ) is shown for comparison. Figure 9 : Constraints on the vertexρ,η of the UT (95% probability regions), as determined by precise measurements of R n and R c with different central values.
3 Predictions for R n and R c
As is illustrated by the examples shown in the previous Section, it is not possible to derive effective constraints on γ in the first quadrant from precise measurements of R c and R n , unless the strong phases δ c and δ n are known to assume certain fixed values. This limitation is the consequence of a destructive interference between tree and electroweak penguin amplitudes which occurs when γ < 90 • and is maximal for the specific value assumed by qe iω in the SM [Eq. (12) ]. This accidental compensation results in a reduction of the sensitivity of R c and R n to the parameters γ and qe iω and to the strong phases [see Eqs. (4, 5, 6, 7) ]. This feature is illustrated in Fig. 10 , which shows the dependence of R c on the variables γ, qe iω and δ c ; for each scanned value, the remaining parameters are varied as indicated in Eq. (13); only the real values of qe iω are considered for simplicity. As can be seen, the spread of values of the ratio R c is reduced considerably just next to the SM value of qe iω ≃ 0.65 [ Fig. 10(b) ] and for γ in the first quadrant [( Fig. 10(a) ]. The wide variability outside these regions is mainly due to the assumed indeterminacy of the strong phase, as becomes evident when the value of δ c is constrained, for example, into the range [−30 • , 30 • ] [darker plots in the Figures 10(a) and 10(b)]. As a further example, the behaviour of the function R c (δ c ) plotted in Fig. 10(c) shows that the value of the SM prediction for γ (∼ 56 • ) implies a minimum sensitivity to the strong phase with respect to lower or, especially, higher values of γ. The effective compensation between tree and electroweak penguin amplitudes when γ is in the first quadrant reduces, on the one hand, the possibility of constraining the angle γ with precise measurements; from a different point of view, it implies that for γ < 90 • the four B → Kπ decay amplitudes are actually dominated by their common QCD penguin components and that, consequently, values of the ratios R c and R n close to 1 are strongly favoured in the Standard Model. Probability distributions for R c and R n obtained by assuming the SM determination for γ [Eq. (14) ] are plotted in Fig. 11(a) . They have been calculated by varying the input parameters according to Eq. (13) . The 68% C.L. ranges derived from these distributions are
while at the 95% C.L. both quantities are included between 0.9 and 1.2. As can be seen from the R c × R n plot shown in Fig. 11(b) , there is no appreciable correlation between R c and R n , the ratio R c /R n being determined as R c /R n = 1.00 +0.08 −0.07 , 0.8 < R c /R n < 1.2 at the 95% C.L..
However, by expressing quantitatively the expectation that the strong phases δ c and δ n should have comparable values, the double ratio R c /R n would become a very well determined quantity: for example, the hypothetical condition |δ c −δ n | < 60 • leads to a determination twice as precise:
The correlation between R c and R n introduced by this assumption is shown in Fig. 11 (c). The present experimental values [Eqs. (1, 2) , with R c /R n = 1.6 +0.6 −0.5 ] are compatible with the predictions obtained. Clearly, precise measurements are needed for a meaningful comparison with the expected values. It has to be pointed out that the SM expectation for γ is not an essential ingredient of these predictions; a simple upper limit is sufficient to obtain quite precise values: with the only assumption that γ < 90 • , the results
are obtained. The role of the uncertainty assumed in the present analysis to account for possible rescattering effects (ρ c and ρ n ranging from 0 up to 20%) is also marginal in these results, which remain essentially unchanged when ρ c and ρ n are set equal to zero assuming such effects to be absent (R c | ρc=0 = 1.03 ± 0.06, R n | ρn=0 = 1.02 +0.06 −0.05 ) or when they are fixed to the maximum value of the assumed range (R c | ρc=0.2 = 1.03 ± 0.07, R n | ρn=0.2 = 1.02 +0.07 −0.06 ). On the contrary, as can be seen from the R(q) plot in Fig. 10(b) , values of R c and R n inconsistent with the predictions in Eq. (17) 
Conclusions
Experimental constraints on the weak (γ) and strong phases of the B → Kπ decay amplitudes have been studied in the model independent context of the flavour-SU(3) approach. The measured rates and CP asymmetries have been submitted to a global fit using the Bayesian method. Possible scenarios describing the impact of precise measurements have been reviewed in a wide range of hypothetical cases. Present situation and prospects are summarized in the following remarks:
• The precision of the CP averaged data has to be increased by about one order of magnitude in order to provide significant information on γ. On the other hand, the first experimental limits for the direct CP asymmetries exclude the range of values 69 • < γ < 111 • at the 95% C.L.. • On the other hand, measurements of R c and R n in the range 0.8 − 1.2, though consistent with a value of γ in the first quadrant, would not lead to an effective improvement of the UT determination.
• The strong phases δ c and δ n represent a crucial theoretical input to the analysis of the constraints on γ; with such additional information provided by direct calculations, a determination of γ with ∆γ ≃ 10 • uncertainty becomes possible even in the least favourable case of measurements of R c and R n consistent with 1.
• On the contrary, the constraints on γ obtainable from R c and R n are almost independent of the actual importance of rescattering effects, in so far as these are accounted for by values of ρ c and ρ n up to 0.2.
As an especially interesting result of the model independent phenomenological analysis that has been performed, well determined SM reference values are obtained for R c and R n when γ is fixed to its SM expectation: R c = 1.03 +0.07 −0.06 , R n = 1.02 +0.07 −0.05 .
These predictions rely mainly on the SU(3) estimates of the ratios of tree-to-QCD-penguin and of electroweak-penguin-to-tree amplitudes, being especially sensitive to the electroweak penguin component. They are on the other hand almost unaffected by the possible contribution of rescattering processes and only weakly dependent on the value assumed for γ in the first quadrant. The expected improvement in the experimental precision will therefore offer the possibility of performing an interesting experimental test of SU(3) flavour-symmetry in the decays of B mesons. At the same time, precise measurements definitely contradicting the expectation R c ≃ R n ≃ 1 should lead to investigate possible new physics effects in the electroweak penguin sector.
